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Abstract
In this contribution we assess the performance of two different exchange-correlation
functionals in the first-principle prediction of the lattice thermal conductivity
of bulk semiconductors, namely the local density approximation (LDA) and the
Perdew-Burke-Ernzerhof implementation of the generalized gradient approxi-
mation (GGA). Both functionals are shown to give results in good agreement
with experimental measurements. Such a consistency between the two function-
als may seem a bit surprising, as the LDA is known to overbind and the GGA to
soften the interatomic bonds. Such features ought to greatly affect the value of
the system interatomic force constants (IFCs) which are necessary for the first-
principle prediction of the lattice thermal conductivity. In this study we show
that the errors introduced by such approximations tend to cancel themselves.
In the case of LDA, the overbinding generates larger absolute third-order IFCs,
which tend to increase the three-phonon scattering rates. On the other hand,
larger absolute second-order IFCs lead to a a larger acoustic-optical phonon
band gap which in turns decrease the available phase space for three-phonon
scattering, compensating the increase in the scattering rates due to stiffer IFCs.
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1. Introduction
The study of thermal transport in semiconductors has been receiving an in-
creasing amount of consideration since the last several years. This is not surpris-
ing considering the fundamental technological role of semiconductor materials
in power electronic devices and the detrimental effect of high temperatures on
the life time of systems such as high-efficency LEDs [1]. Moreover, the contin-
uous miniaturization of the device size and the consequent increase in power
loss make heat management an essential task in ensuring the reliability and
performance of semiconductor-based transistors [2].
The need to understand the microscopic features of thermal transport has
encouraged the development of theoretical approaches, not only with good pre-
dictive power, but also able to shed light on the atomistic transport mechanisms
and helping in the design and discovery of materials with the desirable thermal
properties.
The first-principle determination of the lattice thermal conductivity is par-
ticularly advantageous, given the high predictive power of ab initio methods and
the lack of any adjustable parameters, which makes such approaches of general
validity and application. In insulators and semiconductors, heat is transported
by lattice vibrations [3, 4]. The first-principle investigation of transport prop-
erties in these systems is thus usually based on the ab initio determination of
the material interatomic force constants (IFCs) and the numerical solution of
the phonon Boltzmann transport equation (BTE). Nowadays, first-principle cal-
culations of bulk semiconductors are routinely employed and different software
packages are freely available [5, 6, 7]. In addition, the predictive power of such
methods is now applicable, not only to ideal bulk crystals, but also to crystals
with natural isotope abundances [8, 9], point defects [10, 11, 12, 14, 13, 15],
alloys [16], dislocations [17] and lower dimensional systems such as superlattices
[18], nanowires [19] and a growing number of other complex systems.
The calculation of the IFCs by first principles is commonly carried out ei-
ther through the linear-response approach within density-functional perturba-
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tion theory [20, 21, 22], or through the finite-displacement method [23, 24]. The
finite-displacement method calculates the IFCs in direct space from the forces
induced on the system atoms by displacing some ions from their equilibrium
positions. This method requires a supercell expansion of the primitive cell and,
if properly used, can reach a similar level of accuracy as the linear-response ap-
proach. Moreover it is straightforward and easier to implement and is generally
applicable to any system. This method is the approach we employ in this study
in order to calculate the second- and third-order IFCs necessary to determine
the lattice thermal conductivity, κ`, from first principles.
As the choice of exchange-correlation functional for calculating the IFCs is
concerned, the local density approximation and the Perdew-Burke-Ernzerhof
implementations of the generalized gradient approximation (PBE) [25] remain
the most common alternatives employed in bulk semiconductors and have shown
to be able to accurately predict κ` of these materials [8, 26, 27, 5]. Such accuracy
might appear quite surprising as both LDA and GGA are known for not always
being able to correctly reproduce the lattice parameters of solids [28, 29]. Ex-
perimental measurements of κ` at high pressure have shown that this quantity
is quite sensitive to the value of the cell parameters [30, 31]. Consequentlye one
has to expect that the calculated κ` is rather dependent on the chosen exchange-
correlation functional. While LDA is known to overestimate cohesive energies
and underestimate cell parameters, the GGA functionals can sometimes yield
an improved description of the system under study, but often tend to overcom-
pensate for the LDA overbinding and overestimate the cell parameters. From
the point of view of the material IFCs, the influence of these functionals on the
calculated values is therefore opposite in behavior. LDA predicts stiffer bond
from which higher values of the IFCs stems, whereas GGA usually gives softer
bonds and thus lower values of the IFCs.
In this contribution, we take AlAs as a model material for general III-V
semiconductor with the zincblende structure and examine the effect of the the
exchange-correlation functional on the prediction of κ`. In particular, we in-
vestigate the reasons behind the LDA and PBE successful prediction of this
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quantity for bulk semiconductors.
2. Ab Initio Bulk Lattice Thermal Conductivity
In the first-principle theory of phonon transport, one usually looks either for
the solution of the BTE in the relaxation-time-approximation (RTA) [4] or for
the iterative solution of the linearized BTE [32, 33]. In the latter, the lattice
thermal conductivity tensor is expressed as:
κ` =
∑
λ
cλvλ ⊗ Fλ, (1)
where λ is a condensed index for representing a phonon with wave vector q in
the branch s: λ ≡ (q, s), cλ is the contribution of phonon λ to the constant
volume heat capacity per unit volume, vλ is the phonon group velocity and
Fλ ≡ τλ(vλ + ∆λ) is the converged value of the coefficient of the linear term
in the series expansion of the phonon non-equilibrium distribution, nλ, around
the equilibrium one, with respect to the temperature gradient [32, 33, 5].
In the expression of Fλ, τλ represents the phonon lifetime in the RTA. It is
thus clear, that setting ∆λ = 0, reduces the problem of solving the linearized
BTE to solving the BTE in the RTA. The RTA usually underestimates the value
of κ` for materials with high lattice thermal conductivity, where the umklapp
phonon scattering is weak [8]. However, it generally agrees with the actual
solution of the linearized BTE in semiconductor with lower κ` and in particular
for III-V semiconductors [27]. For this reason, in this study we will mainly refer
to the RTA expression of the BTE, whose form has a more intuitive physical
interpretation. In the RTA, equation (1) becomes:
κ` =
∑
λ
cλτλvλ ⊗ vλ, (2)
In particular, cλ and vλ are determined by the harmonic properties of the
system, as:
cλ =
kB
V N
(
h¯ωλ
kBT
)2
n0λ(n
0
λ + 1), (3)
vλ = ∇qωλ, (4)
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where kB is the Boltzmann constant, V is the unitcell volume, N is the number
of unit cells in the crystal and T is the temperature. n0λ is the equilibrium
distribution of phonon λ and ωλ its frequency, which can be obtained from the
second-order IFCs after diagonalizing of the dynamical matrix at the reciprocal
space point q.
The scattering rates 1/τλ arise from the scattering mechanisms in which
the phonons of the system are subjected to. For a bulk semiconductor, at
temperatures in the order of room temperature, the main scattering processes
are those resulting from three-phonon interactions, which can be described by
the material third-order IFCs. In particular, the three-phonon scattering rates
can be expressed as [34]:
1
τ3phλ
=
+∑
λ′λ′′
Γ+λλ′λ′′ +
−∑
λ′λ′′
1
2
Γ−λλ′λ′′ , (5)
where Γ+λλ′λ′′ takes into account the processes in which phonon λ combines with
another phonon giving a third: λ′′ ≡ λ + λ′ and Γ−λλ′λ′′ the processes in which
phonon λ decays in other two phonons: λ′′ ≡ λ−λ′. The conservation of quasi-
momentum requires for the wave vector of phonon λ′′ that q′′ = q ± q′ + Q,
where Q is a vector of the crystal reciprocal lattice. The scattering amplitudes,
Γ±, are given by:
Γ+λλ′λ′′ =
h¯pi
4
n0λ′ − n0λ′′
ωλωλ′ωλ′′
|V +λλ′λ′′ |2δ(ωλ + ωλ′ − ωλ′′), (6)
Γ−λλ′λ′′ =
h¯pi
4
n0λ′ + n
0
λ′′ + 1
ωλωλ′ωλ′′
|V −λλ′λ′′ |2δ(ωλ − ωλ′ − ωλ′′), (7)
where the scattering matrix elements, V ±λλ′λ′′ are:
V ±λλ′λ′′ =
∑
i∈uc
∑
jk
∑
αβγ
Φαβγ(i, j, k)
eα,λ(i)eβ,±λ′(j)eγ,−λ′′(k)√
MiMjMk
, (8)
The first sum in equation (8) runs over the atoms in a reference unit cell and
the other sums run over all the other atoms in the crystal, α, β and γ run
over the Cartesian coordinates, Φαβγ(i, j, k) is an element of the third-order
IFCs tensor, eλ(i) is the eigenvector of phonon λ projected over the degrees of
freedom corresponding to atom i and Mi is the atomic mass of atom i.
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In addition to the inelastic scattering between phonons, one should also con-
sider the scattering rates arising from the elastic interaction between phonons
and the isotopic mass disorder present naturally in any crystal. Such elastic
rates, 1/τ isoλ , can be calculated using an approximate quantum mechanical for-
mula based on second-order perturbation theory [35]. The net scattering rates
of a bulk semiconductor material are then obtained from the sum of these two
contributions:
1
τλ
=
1
τ3phλ
+
1
τ isoλ
. (9)
We will not consider in this study the influence of the exchange-correlation
functional on the elastic scattering rates, 1/τ isoλ , as it was shown by Lindsay
et al. that their contribution to κ` is anyways negligible in AlAs, given the
minimal isotope mixtures for Al and As [27].
3. Computational Details
We calculated the lattice thermal conductivity of AlAs both from the iter-
ative solution of the linearized BTE and from the RTA, using the exchange-
correlation functionals LDA and PBE. If not stated otherwise, a sampling mesh
of 32× 32× 32 phonon wave vectors was used to calculate κ`. The calculations
were carried out using the almaBTE computer code [7].
For each functional, the primitive cell was completely relaxed until the resid-
ual forces on the system were less than 1× 10−5 eV A˚−1. The second- and
third-order IFCs were obtained from the Helmann-Feynman forces using the
finite-displacement method. To minimize the spurious contributions of periodic
boundary conditions to the system IFCs, we employed a 5× 5× 5 supercell ex-
pansion of the primitive zincblende cell (250 atoms). The set of atomic displace-
ments necessary for extracting the second-order and third-order force constants
were obtained using the software Phonopy [36] and the thirdorder.py tool of
the ShenBTE package [5], respectively. The magnitude of each displacement was
set to 0.02 A˚. The mixed-space approach of Wang et al. [37] for calculating
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the non-analytical term of the dynamical matrix, arising from the the long-
range dipole-dipole interactions, was used to obtain correct phonon dispersion
relations.
All first principles calculations were done using the code VASP [38] within
the projector augmented-wave method [39] using a plane-wave cutoff energy of
500 eV.
4. Results
The cell parameter obtained using LDA and PBE has the value 5.64 A˚ and
5.73 A˚, respectively. As expected, LDA underestimates by ≈ 0.4% the exper-
imental cell parameter of 5.66 A˚ [40], while PBE overestimates it by ≈ 1.2 %.
The lattice thermal conductivity of AlAs calculated with LDA and PBE from
the iterative solution of the BTE is plotted in Figure 1 as a function of the
temperature, where it is also compared with the experimental value at room
temperature. The value of κ` obtained from the RTA is not shown since it
differs by less than 1 % from the plotted values at around room temperature.
Taking the room-temperature experimental value 91 W m−1 K−1 [41], we see
that both LDA and PBE yield very accurate results. The former predicts the
room temperature κ` at ≈ 94 W m−1 K−1, while the latter at ≈ 91 W m−1 K−1.
These values differ from each other by approximately the 3 % and are both in
very good agreement with the experimental measurement.
To investigate the influence of the exchange-correlation functional, and in
particular of the predicted lattice constants, on κ`, we start with the analysis
of the crystal harmonic properties. The stiffer chemical bonds predicted by
LDA lead to higher phonon frequencies, whereas the softer bonds described by
PBE are responsible for lower frequencies. These observations are summarized
by Figure 2 which displays and compares the phonon dispersion relations cal-
culated with LDA and PBE second-order IFCs. As the discrepancy between
the calculated and experimental cell parameter is larger in PBE, the agreement
between the calculated and experimental phonon frequencies is worse than in
7
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Figure 1: Lattice thermal conductivity obtained from the iterative solution of the linearized
BTE for AlAs using LDA (red) and PBE (blue). The plot is represented in a logarithmic
scale. The experimental data point is taken from Ref. [41].
LDA. From the picture one can also see that, while acoustic phonon frequencies
are only slightly affected by the choice of the functional, optical phonons are
rigidly shifted downwards in PBE as compared with LDA. As a net effect, the
gap between acoustic and optical modes is reduced by approximately 3 rad ps−1
in PBE as compared to LDA.
On the other hand, the discrepancy in the LDA and PBE predicted lattice
constant has only a very marginal effect on the system constant volume heat
capacity, Cv, and phonon group velocities. Figure 3a and 3b shows a comparison
between these two quantities calculated using LDA or PBE. As one can see, LDA
and PBE predict an almost identical constant volume heat capacity. Also the
group velocities are rather insensitive to the exchange-correlation functional.
PBE predicts somewhat larger group velocities for the longitudinal acoustic
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Figure 2: Phonon dispersion relations and density of states calculated within the harmonic
approximation using the LDA (red) and PBE (blue) exchange-correlation functionals. The
dots represent experimental data points taken from Ref. [42].
modes and optical modes, while LDA predicts slightly larger group velocities
for transverse acoustic phonons. The small influence of the different predicted
cell parameters on the group velocities is not surprising since from Figure 2 it is
evident that the effect of the exchange-correlation functional is to rigidly shift
the phonon frequencies without affecting noticeably the slope of the dispersion
relations.
While the rigid shift of the optical modes frequencies has a minor effect on
Cv and the group velocities, it has a more important influence on the three-
phonon scattering rates. To understand this we have to consider equations
(6) and (7). We see that the scattering amplitudes are constrained by the
energy conservation conditions: h¯ω(q′′,s′′) = h¯ω(q,s)±h¯ω(q′,s′) and by the crystal
momentum conservation conditions: q′′+Q = q±q′. Such constraints severely
limit the number three-phonon scattering events and are taken into account in
equations (6) and (7) by the Dirac’s deltas δ(ω(q,s) ± ω(q′,s′) − ω(q±q′−Q,s′′)).
These define an hypersurface, or volume, in phase space, determined by the
equation h¯ω(q,s) = h¯ω(q±q′−Q,s′′)∓h¯ω(q′,s′). This observation suggests to define
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Figure 3: (a) Molar constant volume heat capacity of AlAs calculated with LDA (red) and
PBE (blue) as a function of the temperature. (b) Comparison of the phonon group velocities
of AlAs calculated with LDA and PBE. Different colors represent different phonon branches.
the phase space available for the three-phonon scattering involving phonon (q, s)
by [4, 43]:
D±(q, s) =
∑
s′,s′′
∫
q′
δ(ω(q,s) ± ω(q′,s′) − ω(q±q′−Q,s′′)) dq′, (10)
where the integration is over the volume of the first Brillouin zone. The net
phase space volume available for three-phonon scattering is obtained from:
P3 = (P
+
3 +
1
2
P−3 ), (11)
where P±3 =
∑
s
∫
q
D±(q, s) dq. The larger P3, the more three-phonon processes
are allowed and the larger 1/τ3ph becomes. Indeed it has been shown that, for
those group IV, III-V and II-VI semiconductors materials where thermal trans-
port is dictated by three-phonon scattering, the lattice thermal conductivity
varies inversely with the magnitude of P3 [43]. By fixing the branch indexes
s, s′ and s′′ in equation (10), we can similarly define the three-phonon scatter-
ing volume available for phonons in selected branches. The magnitude of such
volumes are represented in Figure 4, where the values obtained from PBE and
LDA are compared. The letters “a” and “o” indicate that any of the considered
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Figure 4: Available phase-space volume for three-phonon scattering processes calculated using
LDA and PBE and represented for all possible events involving the various phonon branches.
three phonons is an acoustic or optical one, respectively. Thus, e.g., the symbol
{aao} indicates that the phase space volume available for the scattering between
two acoustic and one optical phonon is considered. It is clear that the reduced
acoustic-optical gap predicted by PBE with respect to LDA is responsible for
an increased number of scattering events involving two acoustic phonons and
an optical phonon, which noticeably increases the total three-phonon scattering
volume.
The three-phonon scattering volume is an important predictor for 1/τ3ph
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Figure 5: Comparison between the symmetry-irreducible third-order IFCs as predicted by
LDA and PBE for AlAs.
but it is not the only relevant contribution to the scattering rates. As shown in
equations (6) and (7), the scattering amplitudes are also affected by the value of
the scattering matrix elements given by equation (8), which, in turn, depend on
the magnitude of the third-order IFCs. In Figure 5 we compare the magnitude of
the third-order IFCs as obtained from PBE and LDA. As PBE describes softer
bonds than LDA, it is not surprising that the magnitudes of the third-order
IFCs are larger in the latter than in the former. This is especially true if we
consider the IFCs with largest absolute value. The decrease in the third-order
IFCs calculated by PBE, yields lower scattering matrix elements and tends to
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Figure 6: Comparison of the room-temperature three-phonon scattering rates calculated by
LDA and PBE for AlAs.
compensate the increase in three-phonon scattering volume.
Softer bonds thus induce a smaller acoustic-optical phonon gap, thereby
increase the number of accessible three-phonon scattering events, and smaller
IFCs, which in turn decrease the magnitude of the matrix scattering elements.
The net effect on the scattering rates is shown in Figure 6, which compares the
1/τ3ph calculated with LDA and PBE as a function of the phonon frequency. As
one can see the rates assumes values very close to each other, and since cλ and
vλ assume similar values in both LDA and PBE, also the value of κ` predicted
by these functional is very similar.
5. Conclusions
We have performed first-principles calculations of the IFCs of bulk AlAs
within the LDA and PBE approximations in order to evaluate the effect of the
exchange-correlation functional on the lattice thermal conductivity. LDA un-
derestimates the crystal lattice parameters, yielding stiffer IFCs, whereas PBE
overestimates the cell parameters and gives softer IFCs. Notwithstanding these
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shortcomings, both functionals are able to predict κ` in a very good agreement
with the experimental data. The reasons behind this behavior can be sum-
marized as follows: the main effect of the softening of the IFCs affecting the
PBE calculations is to reduce the gap between the acoustic and optical phonon
branches. This, in turn, increase noticeably the number of possible scatter-
ing events involving two acoustic and one optical phonons. At the same time,
softer third-order IFCs tends to give rise to smaller scattering matrix elements,
which tends to compensate for the increased number of scattering events. As
a net effect, the three-phonon scattering rates predicted by PBE and LDA are
comparable, leading to values of κ` in agreement with each other.
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